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We theoretically study the electronic structure of small-angle twisted bilayer graphene with a large
potential asymmetry between the top and bottom layers. We show that the emergent topological
channels known to appear on the triangular AB-BA domain boundary do not actually form a
percolating network, but instead they provide independent, perfect one-dimensional eigenmodes
propagating in three different directions. Using the continuum-model Hamiltonian, we demonstrate
that an applied bias causes two well-defined energy windows which contain sparsely distributed
one-dimensional eigenmodes. The origin of these energy windows can be understood using a two-
band model of the intersecting electron and hole bands of single layer graphene. We also use the
tight-binding model to implement the lattice deformations in twisted bilayer graphene, and discuss
the effect of lattice relaxation on the one-dimensional eigenmodes.
I. INTRODUCTION
Twisted bilayer graphene (TBG) consists of two layers
of graphene overlaid on top of each other with a rela-
tive twist between their crystallographic axes. A moire´
interference pattern which emerges from the overlap of
the two mismatched graphene lattices results in a strong
modification of the electronic structure by the superlat-
tice band folding1–10. The system has been shown to
exhibit many interesting physical phenomena and, since
the realisation of superconductivity and correlated insu-
lating states in magic-angle TBG11–13, there has been a
huge surge of theoretical and experimental research in
this field.
In this paper, we theoretically study the electronic
structure of small-angle TBG with a large interlayer bias
(i.e., potential asymmetry between the top and bottom
layers), and demonstrate the formation of perfect one-
dimensional (1D) states within well-defined energy win-
dows on either side of zero energy. The effect of the
interlayer bias on TBG was investigated in the previ-
ous theoretical works14–21, and it was found that a large
enough bias gives rise to a network of topological channels
on the domain boundaries between AB and BA stacking
regions15,17–21. There the electronic states at AB and BA
regions are locally gapped out by the interlayer bias22,
and two topological modes per spin and per valley nec-
essarily appear on each AB-BA boundary23–29, reflecting
that the two regions have different quantized values of
single-valley Hall conductivity, ±e2/h.30. In TBG, the
AB and BA regions appear periodically in a hexagonal
pattern31–33 such that the boundary channels form a tri-
angular grid as illustrated in Fig. 1(a). Recently, the net-
work of the topological channels in TBG was experimen-
tally probed by transport measurements34–36 and also by
scanning tunneling spectroscopy37.
One may expect that the electronic transport in the
topological channels of TBG could be described by a per-
colation model38 on a triangular network. However, here
we show that the topological modes do not form a two-
FIG. 1. (a) AB and BA domain structure and topological
boundary channels in the biased TBG. Here solid and dashed
arrows represent independent traveling modes for K valley
(mode 1 and 2). (b) Independent 1D eigenmodes in three
directions.
dimensional network, but they are actually independent
1D eigenmodes composed of a serial connection of topo-
logical channel sections as shown in Fig. 1(b). The modes
along different directions are never hybridized, and there-
fore all these states serve as independent perfect 1D chan-
nels over the whole TBG. The result is consistent with
a recent work which predicts the perfect nesting of the
Fermi surface in the biased TBG19.
In the following, we calculate the electronic band struc-
ture of the TBG using the continuum-model Hamiltonian
and present the band structures for various twist angles
and electric field dependencies. The energy band struc-
tures show that an applied bias causes two well-defined
energy windows which contain sparsely distributed per-
fect 1D eigenmodes, separated by a cluster of nearly flat
bands around the charge neutrality point. We also use
the tight-binding model to implement arbitrary lattice
deformations in TBG, and discuss the effect of lattice re-
laxation on the 1D eigenmodes. Lastly, we explain the
origin of these energy windows by a perturbational ap-
ar
X
iv
:2
00
1.
06
25
7v
2 
 [c
on
d-
ma
t.m
es
-h
all
]  
22
 Ja
n 2
02
0
2proach from the small interlayer coupling limit, and also
by a two-band model consisting of the intersecting elec-
tron and hole bands of single layer graphene. The tun-
ability of the TBG energy dispersion in a perpendicular
electric field means there is the potential to explore the
parameter space where these 1D eigenmodes can be found
in its experimental realization.
This paper is organized as follows: In Sec. II, we intro-
duce the continuum-model Hamiltonian and describe the
formation of perfect 1D eigenmodes for varying angles
and biases. In Sec. III, we consider the effect of lattice
relaxation on the 1D eigenmodes. Lastly, we explain the
origin of 1D eigenmodes in Sec. IV, and present a brief
conclusion in Sec. V.
II. CONTINUUM MODEL
We calculate the electronic band structure of
the twisted bilayer graphene using the continuum
model1,6–8,39–41. For a small twist angle, the Hamilto-
nian is given by
HTBG =
(
H1 U
†
U H2
)
, (1)
where
H1 =
(
∆
2 −υpi†
−υpi ∆2
)
, H2 =
(−∆2 −υpi†
−υpi −∆2
)
(2)
and
U = u
∑
j=0,1,2
ei∆Kj ·r
(
1 e−i
2pi
3 j
ei
2pi
3 j 1
)
. (3)
The Hamiltonian Eq. (1) is equivalent to the continuum-
model Hamiltonian derived in1,6,39 up to a gauge
transformation.42,43 The on-diagonal blocks describe the
graphene layers 1 and 2 where pi = ~(ξkx + iky), and
the valley index ξ = ±1 is used to distinguish between
K and K ′ valleys. The parameter υ is the band veloc-
ity of monolayer graphene where ~υ/a = 2.1354 eV (the
lattice constant of graphene is given by a = 2.46 A˚)39,44,
and ∆ represents the electrostatic energy shift induced by
the perpendicular electric field. The off-diagonal blocks
describe the moire´ interlayer coupling between the two
twisted layers, where the interlayer coupling strength is
given by u = 0.103 eV. The vectors ∆Kj (j = 0, 1, 2)
account for the shift between the original Brillouin zone
corners of the two layers, and are given by
∆Kj =
4piθ
3a
[
− sin
(
2pij
3
)
, cos
(
2pij
3
)]
, (4)
where θ is the twist angle between the two layers in ra-
dians.
We calculate the energy spectrum for the K and K ′
valleys independently as intervalley coupling is negligi-
ble at small twist angles. Zone folding is used to bring
the states in each valley with momenta connected by the
moire´ reciprocal lattice vectors, G1 = ∆K1 −∆K0 and
G2 = ∆K2 −∆K0. The basis of k-states of layer 1 and
2 can be taken as
k(1)m1,m2 = k+ ∆K0 +m1G1 +m2G2
k(2)m1,m2 = k−∆K0 +m1G1 +m2G2, (5)
respectively, where k is the wavenumber in the first moire´
Brillouin zone (mBZ) spanned by G1 and G2, and m1
and m2 are integers. The size of the basis is chosen such
that when the Hamiltonian is numerically diagonalized,
the energy bands converge up to a cut-off energy.
Figure 2(a) presents the electric field dependence of
the TBG band structure for various twist angles, θ =
1◦, 0.5◦, 0.3◦ and 0.2◦. The band structures include en-
ergy bands from both the K (black) and K ′ (red) valleys
and is shown for the path κ → γ → µ → κ′ in the mBZ
illustrated in Fig. 2(b). The original Dirac point of layer
1 is placed at the corner of mBZ at κ′, and the original
Dirac point of layer 2 is placed at κ. In increasing ∆,
we see that the energy bands are gradually shifted to-
ward zero energy, forming a cluster of nearly flat bands
around the charge neutrality point. At the same time,
two well-defined energy windows, where energy bands are
only sparsely distributed, are formed above and below the
zero-energy band cluster. The size of the energy windows
are not strongly affected by the size of ∆ which can be
seen for θ = 0.2◦ in increasing ∆.
Most interestingly, is the formation of 1D propagat-
ing modes inside the energy windows, which connect the
zero-energy band cluster to the bulk bands outside of the
energy windows. Figure 2(c) shows a three dimensional
plot of the bands from K valley calculated for θ = 0.5◦
and ∆ = 400 meV, and Fig. 2(d) is the Fermi surface of
the same system at EF = 50 meV where black and red
lines represent K and K ′, respectively. We see that the
band dispersion of K is actually composed of three in-
tersecting planes, with band velocities parallel to (0,−1),
(
√
3/2, 1/2) and (−√3/2, 1/2) directions. The different
planes are not hybridized with each other, giving nearly
straight Fermi lines at the fixed energy. Such straight
Fermi surfaces were also reported in the recent paper19.
In the largest bias ∆ = 400 meV, we notice some flat
levels appear in the upper part of the energy window
independently from the dispersive 1D states, (e.g., three
horizontal lines in 50 meV< |E| < 100 meV for θ = 0.3◦),
which can be interpreted as pseudo-Landau levels of the
fictitious gauge field17.
III. EFFECT OF LATTICE RELAXATION
The real TBG is not a simple stack of rigid
graphene layers as assumed in the previous section,
but it has a spontaneous lattice relaxation and re-
sulting AB/BA domain formation31–33,35,45–53. Such
a structural deformation modifies the electronic band
3FIG. 2. (a) Band structure of the twisted bilayer at various twist angles and varying ∆, calculated using the continuum model.
(b) The moire´ Brillouin zone. (c) A three dimensional plot of K-valley bands, and (d) the contour plot at EF = 50 meV,
calculated for θ = 0.5◦ and ∆ = 400 meV. The black and red lines represent K and K′ valleys, respectively.
4FIG. 3. Band structure of non-relaxed (upper panels) and relaxed (lower panels) TBGs in θ = 0.3◦ and different ∆’s and
calculated using the tight-binding model.
structure19,20,35,44,50,52–54. Here we calculate the energy
band structures in the presence of the lattice strain using
the tight-binding method50. The Hamiltonian is given by
H = −
∑
i,j
t(Ri −Rj)|Ri〉〈Rj |+ h.c. (6)
where Ri is the atomic coordinate, |Ri〉 is the wave func-
tion at site i, and t(Ri −Rj) is the transfer integral be-
tween atom i and j. We adopt the Slater-Koster type
formula for the transfer integral55,
− t(d) = Vpppi(d)
[
1−
(
d · ez
d
)2]
+ Vppσ(d)
(
d · ez
d
)2
,
(7)
Vpppi(d) = V
0
pppi exp
(
−d− a0
r0
)
, (8)
Vppσ(d) = V
0
ppσ exp
(
−d− d0
r0
)
, (9)
where d = Ri − Rj is the distance between two atoms
and ez is the unit vector on z axis. V
0
pppi ≈ −2.7 eV
is the transfer integral between nearest-neighbor atoms
of monolayer graphene which are located at distance
a0 = a/
√
3 ≈ 0.142 nm, V 0ppσ ≈ 0.48 eV is the trans-
fer integral between two nearest-vertically aligned atoms
and d0 ≈ 0.334nm is the interlayer spacing. The decay
length r0 of transfer integral is chosen as 0.184a so that
the next nearest intralayer coupling becomes 0.1V 0pppi. At
d >
√
3a, the transfer integral is very small and negligi-
ble. The optimized atomic positions are obtained by the
method introduced in the previous work50. Using this,
we construct the tight-binding Hamiltonian of the relaxed
TBG and calculate the energy bands.
Figure 3 compares the electronic band structure of non-
relaxed (upper panels) and relaxed (lower panels) TBGs
in θ = 0.3◦ and different ∆’s. In the tight-binding model,
the valleys are not distinguished. We see that the energy
bands of the non-relaxed calculation quantitatively agree
with those in the continuum method in Fig. 2. In the
presence of the relaxation, we confirm that the qualita-
tive feature remains the same: we still see the energy
windows and the perfect 1D eigenmodes. The major
difference from the non-relaxed state is that the central
pseudo-Landau levels mentioned in the previous section
are completely hybridized with 1D eigenmodes, and be-
come a part of the dispersive bands. Also we notice that
the bands in the zero-energy cluster become less flat and
a bit more dispersive.
Figure 4 shows typical wave functions in the energy
window in the non-relaxed TBG and the relaxed TBG of
θ = 0.55◦ and ∆ = 400 meV. Here we chose the corre-
sponding states in non-relaxed and relaxed cases, which
5FIG. 4. Energy spectrum and the wave function of a typi-
cal state at K valley in the energy window (indicated in the
spectrum) calculated for the non-relaxed TBG and the re-
laxed TBG of θ = 0.55◦ and ∆ = 400 meV. The plot of the
wave function represents squared amplitude on sublattice A1,
B1, A2 and B2 separately, where a red rhombus indicates a
single moire´ unit cell.
are connected by a continuous increase of the relaxation.
The state is chosen from a 1D band of the electron side
with the velocity along ky axis (κ − γ direction in this
figure). In each case, we observe that the wave function
takes a 1D form extending along y direction, while it is
disconnected in the perpendicular direction. The states
in the different Fermi surface branches at the same en-
ergy are obtained by ±120◦ rotation of this figure. We
confirm that the local current density is along −y direc-
tion, in accordance with the negative band velocity in the
ky direction. The wave amplitude is mainly concentrated
on the layer 1, while it is concentrated on layer 2 in the
hole side states.
In the presence of the lattice relaxation, we see that
the wave function becomes more localized on the AB-
BA boundary. This is natural because the AB and
BA regions (where the energy band is gapped out) sig-
nificantly expand under the lattice relaxation, and the
wave amplitude must be confined to the narrow bound-
ary region.19,20 The similar, zigzag-shaped wave func-
tion was also reported in a recent work19. Interestingly,
we see that the relaxed TBG’s wave function in Fig.
4 has its amplitude not on the boundary along y, but
only on the boundary in the two other directions along
(
√
3/2,−1/2) and (−√3/2,−1/2). With closer inspec-
tion, we also find that it has different structures between
the boundaries along (
√
3/2,−1/2) and (−√3/2,−1/2),
although the atomic structures are completely symmet-
ric. Recalling that each single boundary has two different
traveling modes (denoted as mode 1 and 2) as mentioned,
this result suggests that, at every vertex of the triangular
grid (AA region), mode 1 is always scattered to mode 2
in −120◦ direction, while mode 2 is always scattered to
mode 1 in +120◦ direction. As a result, we have three
independent, zigzag traveling modes as illustrated in Fig.
1(b).
IV. ORIGIN OF THE PERFECT 1D
EIGENMODES
The origin of the energy window and the 1D eigen-
modes can be intuitively understood by a perturbational
approach from the small interlayer coupling limit. Figure
5 shows the band structure of the continuum model in Eq.
(1), with θ = 0.3◦ and ∆ = 400 meV, and with increas-
ing interlayer coupling u from zero to the actual value in
TBG. With small u, we see that two gaps open in the elec-
tron side and the hole side, and they eventually become
the window regions in the full u parameter. We see that
the 1D eigenmodes always remain inside the gap, pre-
venting the spectrum from becoming fully gapped. The
width of the energy window is obviously the order of u.
The energy bands between the two gaps are squashed
with increasing u, and finally becomes the zero-energy
band cluster.
The opening of the two gaps in small u can be ex-
plained by considering the following two-band model. In
a large ∆, the low energy region is dominated by the
hole band of graphene layer 1 and the electron band
of layer 2. While considering the interlayer coupling
U , we can imagine that the two opposite conical bands
of single layer graphenes are crossing with each other
with a relative momentum shift of ∆Kj(j = 0, 1, 2), and
the band anti-crossing occurs at the cross section. Fig-
ure 6(a) illustrates the actual crossing lines between the
Dirac cones in the case of θ = 0.3◦ and ∆ = 200 meV,
where three circles (red, blue and green) correspond to
j = 0, 1, 2.
The size of the gap is roughly proportional to the ma-
trix element of U between the two states on the crossing
line. The graphene’s eigenstates are written in the (A,B)
spinor representation as
|k, s〉 = 1√
2
(
1
−seiθ(k)
)
, (10)
where s = ± represent the conduction and valence bands,
respectively, and θ(k) = arctan(ky/kx). Now, the matrix
6element of U from graphene 1 to graphene 2 is
〈k+ ∆Kj ,+|U |k,−〉 ≈ iu sin
[
θ(k)− 2pij
3
]
, (11)
where |∆Kj |  |k| is assumed. In Fig. 6(b), the thick-
ness of the crossing lines represents the amplitude of the
interlayer matrix element on the Dirac cones of layer 1
and 2, respectively. We see the matrix element vanishes
near E = 0, and this is the reason why the two major
gaps open above and below E = 0. In a small u limit,
the number of states (per area) sandwiched by the two
gaps is given by 2nW where
nW = gvgs
∆
4pi~v
∆K, (12)
where gv = gs = 2 are the spin and valley degeneracies,
and ∆K = |∆Kj | = 4piθ/(3a). The nW characterizes
the typical carrier density to reach the energy window of
the 1D eigenmodes. For θ = 0.3◦ and ∆ = 200 meV, for
instance, we have nW = 1.08× 1012cm−2.
The 1D eigenmodes remaining inside the energy win-
dow can be explained by the reconstruction of the Fermi
surface. Figures 6(c) and (d) illustrate the Fermi surfaces
before introducing u at EF = 20 meV, which is slightly
below the maximum energy of the crossing rings. In panel
(c), the central dashed circle represents the hole band of
layer 1, and the three solid circles are the electron band of
layer 2 with three momentum shifts ∆Kj (j = 0, 1, 2). In
panel (d), the Fermi surface of layer 1 is centered instead.
The hybridized Fermi surfaces after the infinitesimal anti-
crossing are shown in Fig. 6(e). We therefore have three
open Fermi surfaces that are 120 degrees apart as well as
three closed pockets. By increasing u, the closed pockets
are gapped out due to a good nesting between the elec-
tron and hole parts. On the other hand, the open Fermi
surfaces remain ungapped, which explains the origin of
the 1D eigenmodes filling the gap. We also see that the
open Fermi surface mainly consists of the layer 1 com-
ponent (solid line) which is consistent with the fact that
the wave function has larger amplitude on layer 1 in Fig.
4.
In this picture, we only consider the band crossing of
the first order in u, while we actually have high-order
hybridization at other crossing points. It is somewhat
surprising that the 1D eigenmodes in three directions are
not hybridized and remain independent even in a large
u beyond the pertubational regime. This is understood
by the k-space map of the interlayer matrix element in
Fig. 7, where open circles represent the graphene 1’s hole
states at k
(1)
m1,m2 , filled circles the graphene 2’s electron
states at k
(2)
m1,m2 , and the bond thickness is proportional
to the matrix element of U between the two states. We
can show that the 1D eigenmodes in the positive energy
window are contributed by graphene’s states only in the
regions I, III and V, and those in the negative energy
window are by the regions II, IV and VI. This is con-
sistent with the observation that the open Fermi sur-
face in Fig. 6(e) consists of the graphene’s Fermi surface
portions in the same regions. We see that the matrix
element nearly vanishes on the boundary of different re-
gions (dashed lines) according to Eq. (11), except for the
k-points near the origin which do not contribute to the
low-energy states. As a result, the six regions I, II, · · · VI
are nearly decoupled and that is why the 1D eigenmodes
running in the different directions remain independent in
increasing u.
The perfect 1D eigenmodes in the biased TBG is anal-
ogous to those in zigzag graphene nanoribbons56. In a
doped zigzag nanoribbon, it is known that each valley has
different numbers of left-moving modes and right-moving
modes at the Fermi energy; n right modes and n+ 1 left
modes at one valley, while n + 1 right modes and n left
modes at the other valley. The excess traveling mode
in each valley remains as a perfectly conducting channel
even in the disordered system, as long as the impurities
are long-ranged and do not mix the different valleys. The
perfect 1D eigenmodes in biased TBG can be viewed as a
2D version of this, in that each single sector of I, III and V
has different numbers of out-going modes and in-coming
modes (with respect to the graphene’s Fermi circle), as is
clear from different arc lengths of the electron and hole
Fermi surfaces in Fig. 6(e), and that different sectors are
not hybridized by the interlayer coupling u. Therefore
the excess modes originate from the electron Fermi sur-
face and they remain as traveling modes in the presence
of u.
V. DISCUSSION
The disorder effect on these 1D eigenmodes is an im-
portant problem when considering the electronic trans-
port. As shown in Fig. 1(b), each 1D mode is composed
of straight parts on the AB-BA boundary and corner an-
gles on AA spots. A hybridization of different 1D eigen-
modes takes place only by a local mixing of the mode 1
and 2 on the AB-BA boundaries, or an irregular reflec-
tion at the AA corners. In real TBGs, the moire´ structure
exhibits a distorted triangular pattern with shifted AA
spots and extended / shortened AB-BA boundaries31–33,
However, we expect that such a moire´-scale distortion
would not cause a strong mixing of different 1D eigen-
modes, because the local atomic structures of AA and
AB-BA boundary are not modified very much57, such
that the hubs and the links in the triangular lattice work
in the same way as in the non-distorted system. Major
scatterings should be mainly caused by short-ranged dis-
order smaller than the local structures of AB-BA bound-
ary and AA spots (which is about a few nm). The de-
tailed study on the disorder scattering will be left for
future works.
When the scattering can be neglected and the Fermi
energy is in the energy window, the electronic transport
must be dominated by the ballistic transport through
the 1D eigenmodes. It is also expected that we do not
have the Aharanov-Bohm (AB) oscillation in magnetic
7fields, because the 1D eigenmodes do not enclose triangu-
lar domains, so do not cause any interferences. Recently,
transport measurements have been performed on small-
angle TBGs under interlayer bias, and a significant AB
oscillation was observed34–36. We expect that magnetic
oscillations take place when the perfect 1D eigenmodes
are not well formed, e.g., because the bias is not enough
or the Fermi energy is not in the corresponding region.
To have the perfect 1D eigenmodes, it is required that
the energy window (|EF |<∼u) is dominated by the hole
band of a single layer and the electron band of the other
layer, and this gives a condition ∆/2>∼u i.e., ∆>∼ 200
meV.
VI. CONCLUSION
We used the continuum-model and tight-binding
Hamiltonians to show that TBGs with an applied bias
exhibit perfect 1D eigenmodes in well-defined energy win-
dows on either side of zero energy. We found that these
states never hybridise and they propagate independently
in three different directions along the domain walls sep-
arating AB and BA regions. In the presence of arbitrary
lattice deformations, we show that the wave functions be-
come even more localized on the domain boundaries. The
formation of the well-defined energy windows and the ori-
gin of these states is explained by the two-band model
consisting of the intersecting electron and hole bands of
single layer graphene, where the 1D eigenmodes corre-
spond to the emergent open Fermi surfaces formed by
the moire´ interlayer hybridization.
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